In this paper, we prove one inequality with power functions. A simplified form of the inequality was published as the problem 12024-02 in the American Mathematical Monthly.
Introduction
Inequalities with power functions have many important applications. They can be found in mathematical analysis and in other theories like ordinary differential equations, probability theory and statistics, chemistry, economics, mathematical physics, and mathematical biology. Not long ago, the following problem (1) was published in the AMM [2] .
Problem 12024-02-M. Cucoanes, M. Dragan, and N. Stanciu (Romania).
Let x, y, and z be positive real numbers satisfying xyz = 1. Prove x 10 + y 10 + z 10 2 ≥ 3 x 13 + y 13 + z 13 .
The aim of this paper is to prove a more general form of inequality (1) . We also discuss other forms of (1).
Methods
In this paper, methods of mathematical and numerical analysis are used. We use also the software MATLAB for some computing.
Results and discussion
In this section we prove a more general form of (1). -1
Lemmas and theorems
. . , x n-1 ) = 0 for i = 1, . . . , n -1 for some (x 1 , . . . , x n-1 ) ∈ W , then we have
We show that
is a strictly monotonic function for t ∈ (0, 1) and a = b, a, b > 0. We have
is a strictly decreasing function on (0, 1).
Because of w 1 (1) = 0 and
is a strictly increasing function on (0, 1). So the proof of the lemma is complete.
Lemma 2 Let 0 < x i for i = 1, . . . , n and
which is evident. It follows from A-G inequality and from
Lemma 3 Let 0 < x i for i = 1, . . . , n and
Proof Denote y i = x a i for i = 1, . . . , n. It is evident that n i=1 y i = 1. We can suppose 0 < y i < y i+1 . So we have 0 < y 1 < 1 < y n . F can be rewritten as
It is evident that
We show that F k < 0 for k > 0. F k < 0 is equivalent to
We have
The proof will be done if we show
We use the mathematical induction. For n = 2, we get
Suppose that inequality (2) is valid for all n ≥ 2. We prove that (2) is valid for n + 1. We know that
But it is evident because of
Lemma 4 Let 0 < x i for i = 1, . . . , n and
Proof Put again y i = x a i for i = 1, . . . , n and
We show that (6) is valid for k = m -1. From F k < 0 (see previous lemma), we get (6) is valid for all k ≥ m -1. Rewriting (6) for k = m -1, we obtain
, which is evident because the power mean is an increasing function [1] . We note that k = m -1 is the best constant in (6). It follows from
The proof is complete. (7) is valid and there are some
Note 1 For each a > 0 and
is also valid for all 0 < x i , i = 1, . . . , n, such that
If we show (n + 1)
then the proof will be done. Put
But it follows from s(0) = 0 and
The proof is complete.
Note 2 We note that Lemma 5 implies
Then we have
So h m is an increasing function for m. From this we have: if
Now we prove two theorems: the first one for n = 2 and the second one for n = 3.
for all a ≥ 0 and 0 < x 1 , x 2 such that x 1 x 2 = 1;
Proof Put y = x a 1 and m = 2 in F (see Lemma 3). We can suppose that 0 < y ≤ 1. Denote
where 0 ≤ k < √ 2 -1. First we show s(y) ≥ 0 for 0 < y ≤ 1 and 0 ≤ k < √ 2 -1. We have s(1) = 0. If we show s (y) ≤ 0, then s(y) ≥ 0. We get
s (y) ≤ 0 is equivalent to
Because of s 1 (1) = 0, it suffices to show that s 1 (t) ≥ 0. We have
s 1 (y) ≥ 0 is equivalent to
From s 2 (1) = 2 -(1 + k) 2 we have k ≤ √ 2 -1. We get also s 2 (0) = 2(1 + k) > 0. Lemma 3 gives that (19) can be proved only for k = √ 2 -1. So it suffices to show
We have 
We get Next assertions follow from the previous lemmas and from lim y→0 + s m (y) = +∞ for 0 ≤ k < m -1.
Note 3 We note that Theorem 1 implies lim m→+∞ k(2, m) = +∞.

Theorem 2 There is
for all a ≥ 0 and 0 < x 1 , x 2 , x 3 such that x 1 x 2 x 3 = 1;
for all a ≥ 0 and 0 < x 1 , x 2 , x 3 such that x 1 x 2 x 3 = 1; 3. If k(3, 2) < k < 1, then for each a ≥ 0 there are 0 < x 1 , x 2 , x 3 , 0 < y 1 , y 2 , y 3 such that x 1 x 2 x 3 = 1, y 1 y 2 y 3 = 1 and has extreme values only on W , where
We prove that 1. lim y 1 →0 + F = +∞; 2. α(y) = (2y + Put y = u 5/3 , we get α 1 (u) = 4u 10 + 4u 5 + 1 -6u 9 -3u 2 ≥ 0.
From α 1 (1) = 0 it suffices to show α 1 (u) = 40u 9 + 20u 4 -54u 8 -6u ≤ 0.
We used u 9 ≤ u 8 ≤ u 7 . Put u = v 1/3 , we get (Table 1) are obtained by MATLAB, so they are not mathematically proved. We made a regression analysis of lower bounds of k(3, m) for m = 2, . . . , 20 obtained by MATLAB, and our result is described in Fig. 1 . We obtained a function k = 0.966624319951710 √ m -0.959268923482591 which is a very good approximation of 
Conclusion
In this paper, we made a discussion about a more general inequality than inequality (1). We showed the existence of a function k(n, m) for n ≥ 2, n ∈ N , m ≥ 1 with the following properties:
• If 0 ≤ k ≤ k(n, m), then F ≥ 0 is valid for all positive x 1 , . . . , x n such that x 1 . . . x n = 1;
• If k(2, m) < k < m -1, then there are 0 < x 1 , . . . , x n such that x 1 . . . x n = 1 and F ≥ 0 is valid, and there are 0 < y 1 , . . . , y n such that y 1 . . . y n = 1 and F ≤ 0 is valid; • If k > m -1, then F ≤ 0 is valid for all positive x 1 , . . . , x n such that x 1 . . . x n = 1. We also solved the problem 12024-02 published in AMM [2] . Really, if we put a = 10 and k = 0.3 in Theorem 2, we obtain inequality (1).
Using Theorem 2 we can get other inequalities which are valid for all positive x 1 , x 2 , x 3 such that x 1 x 2 x 3 = 1. For example, we can put a = 10 and k = 0.4 and we have x 10 + y 10 + z 10 2 ≥ 3 x 14 + y 14 + z 14 ,
or a = 4 and k = 0.25 and we get 
and so on. We note that there is an interesting problem: What is equal to lim n→∞ k(n, m) for each fixed m > 1?
